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Abstract-The boundedness and asymptotic behavior of all solutions of the neutral delay differ- 
ence equation 
a(& -P&I-l;) + Qn%-l = 0, n = 0, 1,2,. ) 
are investigated, where LI is the forward difference operator, k,l are positive integers, {pn} is a 
sequence of real numbers and {q,,) is a sequence of nonnegative real numbers. The obtained sufficient 
conditions improve the existing results in the literature. @ 2002 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUTION 
Consider the neutral delay difference equation 
A (xn - P&t-k) + qnx,-l = 0, n = 0, 1,2, . . . ) (1.1) 
where A is the forward difference operator defined by Ax:, = x,+1 -x,, k, 1 are positive integers, 
{pn} is a sequence of real numbers and {q,,} is a sequence of nonnegative real numbers. 
When p, z 0, equation (1.1) reduces to 
Ax, + qnx,_1 = 0, 72 = 0, 1,2, . . . , (14 
whose asymptotic behavior of the solutions has been extensively investigated in the literature, 
see, for example, [l-7]. The best result known to us uses the following asymptotic behavior 
conditions [l] that if 
IFi Qn = @I (1.3) 
no 
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and 
limsup 2 CJ~<:+ 
1 
R-+cZo i=n-[ 2 2(1+1)’ 
then every solution of equation (1.2) tends to zero as n -+ 03. 
As an application of the above result, it is easy to conclude that if (1.3) holds and 
limsup 2 q’ < 
E=n_l * [i+&](‘-~J~ n+cc 
(1.4) 
(1.5) 
then every solution of equation (1.1) with p, E p E (0,l) and k = 0 tends to zero as n -+ 00. 
When p, $ 0, in [7], th e authors developed a condition similar to (1.4) for equation (1.1) with 
lpnl E p, which reads 
2p(2-p)+limsup 2 qi<T+ 
3 (l-2p)2 
(1.6) 
71’00 i=n-l 2(1+ 1) . 
Obviously, condition (1.6) includes (1.4). However, condition (1.5) suggests that (1.6) is far from 
“the best possible” and there is room for improvement. Therefore, it is desirable to establish some 
better results, and this constitutes the purpose of this paper. In this paper, we first improve (1.6) 
to 
or 
1 n 
and 
1 
p < 4(l+ 1) 
2p+limsup C qi<i+-, 
2(1+ 1) (1.7) n+m i=n-I 
1 1 
4(l+ 1) S p < z 
and limsup 2 q’ < 2=n_l z /y, (1.8) 
n-cc 
where p satisfies Ip, 1 5 p. Note that p < l/2 is required in both (1.7) and (1.8). We then 
establish two more new conditions in which p 2 l/2 is also allowed: 
lim sup 2 
n-c0 j=n-31-(m-l)k-1 
qj < [I + (I ;;‘i’, p)] (1 -PI1 (1.9) 
where m is a positive integer such that p + 3pm/2 5 1, and 
lim sup 
7L’Co j=n-l-(m-l)k 
where m is a positive integer such that 4~“’ 5 1. The basic ideas of the proofs of (1.9) and (1.10) 
are decreasing the first term by means of increasing the second term in (1.6). 
It is worth noting that when k = 0, (1.10) reduces to (1.5) by setting m = co. 
For the sake of convenience, throughout this paper, we will use the convention Cyln, G 0, 
whenever n1 > n2. 
2. pn IS NOT CONSTANT 
THEOREM 2.1. Assume that Jp,l 5 p and that for large n 
or 
1 
p < 4(1+ 1) 
and 2P+ gqj,4+& 
j=Tl-1 
1 1 
4(1+ 1) S p S z 
and 5 .<,,/v, 
j=n-l 
(2.1) 
(2.2) 
Then every solution of equation (1.1) is bounded. 
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PROOF. If p = 0, Theorem 2.1 has been proved in [l]. In the sequel, we assume that 0 < p 5 l/2. 
Choose an integer no > k + 1 such that 
a+4 
2 i A - 2(Z + 1) 2p3 
1 
ifp< - 
3< 4(1+ 1) ’ 
j=n-1 q’- B_gmy, ‘~4(1~l)~p5;, n2no. (2*3) 
Assume, for the sake of contradiction, that {x,,} is unbounded. Then there exists a positive integer 
{n*} such that n* > ns+k+21,lx,.I > lz,,+z1/2(1-p) and 1~~~1 > max{lxnl : 0 5 n 5 n*-1). 
Set 
.zn = xn -%x,-k. (2.4) 
Then 
Izn*j = lx** - &d-h’-kl > (1 -P) bh.*l > f Izn,+21I. 
There is no harm in assuming that z,* > 0. Then, there exists an integer N with no+21 < N 5 n* 
such that ZN = max{z, : no + 21 5 n < n*} and z,, < ZN for no + 21 I n < N. Set 
Yn = & - P l&P I , n 1 no. (2.5) 
Then 
-x,-l = --t,-l -pn-lxn-l-k 5 --zn-l +plxn*I = -l,,+l, no < n 5 N. 
It follows from (1.1) and (2.5) that 
AYE = AZ,, = -qnxn-1 I -qnyn-1, no 5 n 5 N. (2.6) 
Note that 0 < p 5 l/2, it is easy to see that YN 2 .z~* - plx,* I > (1 - 2p)lx,. I 2 0. On the 
other hand, from the fact that AzN_~ = ZN - ZN-~ > 0 and (2.6), we conclude that 1~~~1-1 < 0. 
Hence, there exists an integer E’ with 0 5 1* 5 1 such that 
?/N-P-l < 0 and !-/N-I* 2 0. 
Let E E [0, 1) such that 
W-l’ - ‘t (YN-I' - YN-l*-I) = yN_~*-l + (1 - <) (Y~_~. - Y~_~__~) = 0. (2.7) 
From (2.6), we have 
Alan I qnlxn*l, no 5 n 5 N. (2.8) 
Summing (2.8) and using (2.7), we obtain 
N-1*-2 
-Yn-l = C AYj + (1 -0 Ay~_l*-i 
j=n-1 
N-I’-1 
C qj-JqN-l*-1 , N-l*-lln<N-1. 
j=n-I 
Substituting this into (2.6), we have 
N-Y-1 
AYE L lx,* I qn c qj -<qN-1*-l N-la-l<nlN-1. (2.9) 
j=n-l 
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The proof will be complete if we conclude that 
YlvI(l-2P)JX,*I, (2.10) 
which is due to the contradiction to the fact that yN 1 ~~0 > (1 - 2p)lx,. 1. There are three 
possible cases. 
CASE 1. 0 < p < Z/4(1 + 1) and cy=__,. qj +[qN-l*-1 5 1. In this case, by (2.3) and (2.9), we 
have 
N-l 
YN = 1 Ayn + <AYN_~._~ 
n=N-I* 
N-l’-1 
j=n-1 
N-l*-1 
C qj -<qN_le_l j=N-l*_l_l 
j=n-1 j=N-1’ 
2 
y 4; +E2q;-l*-1 
j=N-1' 
[( N-l 5 Ix,*1 A C C?j fe!?N-1*-l j= -1’ ,y qj+EqN-P-1 J=N-1’ 
I (1 - 2P) 1% I. 
CASE 2. 0 < p < l/4(1 + 1) and cyzJ_,. qj + E = qN_l’__l > 1. In this case, there exists an 
integer rn* with 0 5 m* 5 1’ such that 
N-l N-l 
C qjll and C qj>l. j=N-m* j=N-m*-1 
Therefore, there is an 71 E [O, 1) such that 
N-l 
c qj + QPN--m*-1 = 1. j=N-,* 
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Consequently, from (2.3), (2.8), and (2.9) we conclude that 
N-m’-2 N-l 
YN = EAYN-I*-I + C AY, -I- (I- Q)AYN-~*_~ -t ~)AYN_~*_~ + 
C AYn 
n=N-1’ n=N-m’ 
5 bk*! 
1 
N-m’-2 
@N-P-l + c ‘& + (1 -77)&V-m--l 
j=l\r-I* 
N-l N-m’-1 
= I&.*1 c %z f VqN-m*-1 c qj - ?qN-m* -1 
n=N-m* j=N-1‘ 
N-l’-1 N-l N-P-1 1 
4j - 77qN-m*-1 
N-l 
c 
j=N-n’ 
2 
N-l 
- - j=N_m. qj + vqN-n*-l c 
)I 
CASE 3. L/4(1 + 1) < p < l/2 and cyZ/_.,. qj +<qN-P-1 I B. Fhn (2.3) and (2.9), we obtain 
N-l’-1 
c qj -[qN-~*-l 
j=n-1 
N-I’-1 
c (?j - 6qN-1*-l 
j=N-l*-l-l )I 
y qj +[qN_l*__l 
3=N-1’ 
s 2(1+ 2) 
1+1B2 1z,,.l = (1 -2~) Ix,.\. 
306 X. H. TANG 
Cases l-3 show that (2.10) is true. And therefore, the proof is complete. 
THEOREM 2.2. Assume that lpnl I p and (1.3) holds. If (1.7) or (1.8) holds, then every solution 
of equation (1.1) tends to zero as n + 03. 
PROOF. Let {z~} be any solution of equation (1.1). We shall prove that 
lim z, = 0 
11’00 
(2.11) 
in two cases where (2,) is nonoscillatory or oscillatory. In the former case, we may assume that 
{zn} is eventually positive. Let z, be defined by (2.4). Then {zn} is eventually nonincreasing. 
Set p = limn+oo zn. Then in view of Theorem 2.1, p is bounded and 
limsups, = ,B + lim sup (pnx,_k) I 0 + p lim sup 2,, 
TX-03 rz’cc n-C0 
which implies 
P limsupz, I -. 
7z+co I-P 
This shows that p 2 0. On the other hand, from (l.l), we have 
which together with (1.3), derives that liminf,,, z, = 0. Hence, we have 
0 = limizf zn = j3 + lirrizf(p,z,_k) 2 p - plim super _ 
1 - 2p 
> -p. 
7L”ca 1-P 
This shows ,# = 0 and so (2.11) is true. 
In the latter case, by Theorem 2.1, {zcn} is bounded. Set ~1 = limsup,,, [z,I. Then 0 5 p < 
CC and 
M = limsup (z,I 1 (1 - p)~. 
n-+03 
(2.12) 
The proof will be finished when we prove p = 0. Suppose that p > 0. Then for any 6 E 
(0, (1 - 2p)p), there exist A E (0, (31+ 4)/2(1+ 1) - 2p), B E (0, d/2(1 -t 2)(1- 2p)/(Z + 1)) and 
an integer N > 0 such that 
and 
I%1 <p++E, n 2 N - (k + I), 
1 
A, ifp<- 
4(1+ 1) ’ 
1 1 n > N. 
B, if- 
4(Z + 1) I p < 2’ 
Set 
Yn=Zn-p&CL+), n>N-1. 
Then 
-2,_1 = _Z,_l - Pn-lGL-l-k L -z,-1 + p (/.J + E) = -yn-l, 
It follows from (1.1) and (2.14) that 
(2.14) 
n 2 N. 
AY, = k, = -qnxn-1 < -qny,+l, n 2 N. (2.15) 
(2.13) 
Asymptotic Behavior of Solutions 307 
Note that {AZ,} is oscillatory, there is an increasing sequence {ni} of integers such that ni > 
N-l-k+21,ni-+oo,(z,iI -+ M as i --) 00, lzni) > max((1 - p)(p - c), jzn;_ll}. We may assume 
that zni > 0. The case when zni < 0 is similar and the proof will be omitted. Thus, 
On the other hand, from the fact that A+_, = .z,~ - z,;-l > 0 and (2.15), we conclude that 
1~,~_~_1 < 0. Hence, there exists an integer 1* with 0 5 la 5 1 such that 
!-hi-P-l < 0 and ?/7&<-l* 2 0. 
Let, [ E (0,l) such that 
Yni-l- - E(Yn;-P - Yn&*-1) = Ynlni4*-1 + (1 - E)(Yni-P - Yni-l*-l) = 0. (2.16) 
From (2.15), we have 
AYE I qn (P + 6)) N < n < ni, - (2.17) 
which together with (2.16) implies 
ni-l’-2 
-~n-l = c Ayj +(l-@&i-~-l 
j=n-1 
T&i-l*-1 
I (P + E) c 72i - 1* - 1 5 n 5 ni - 1. 
j=n-1 
Substituting this into (2.15), we have 
( ni-l’-1 'YTX 5 (P+E)% C qj -<qni-l*-l , ) ?Ii - I* - 1 5 n 5 ni - I. (2.18) j=n-I 
Set 
’ ifp< 
1 
A= 4(1+ 1) ’ 
Then A < 1 - 2~. Replace 12,. 1 by p + 6, by the similar method to the proof of Theorem 2.1, we 
can conclude that 
Y(ni) I A (CL + 6). (2.19) 
It follows that 
z (ni) I (A + P) (P + E) . 
Let i -+ 00 and 6 -+ 0 in the above. We see that 
M = limsupzni < (A+p)p < (1 -p)p, 
i+co 
which contradicts to (2.12). Therefore p = 0, and so the proof is complete. 
If {pn} is not negative, then we have the following two theorems. 
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THEOREM 2.3. Assume that 0 5 p, 5 p and that there exists a positive integer m such that 
p + 3pm/2 5 1 and for large n 
2 
j=n-3z-(m-l)k-1 
qj 5 [I + (l ;$;p)] (1 -PI. (2.20) 
Then every solution of equation (1.1) is bounded. 
PROOF. If p = 0, Theorem 2.3 has been proved in [l]. In the sequel, we assume that 0 < 
p + 3pm/2 5 1. Choose an integer no > k + 1 such that 
l+(z+2)(1-p) (l-p), n>no 
2(1+ 1) I 
- . (2.21) 
j=n-3L(m-1)k 
Assume, for the sake of contradiction, that {x,} is unbounded. Then there exists a positive 
integer {n*} such that n* > no + k + 2[31+ (m - 1)k + 11, jxn*I > 1 z~,+2[31+(m-l)k+l]1/2(~ -d 
and (x,.1 > max{(x,l : 0 5 n < n* - 1). Set z, as in (2.4). Then 
There is no harm in assuming that z,,* > 0. Then, there exists an integer N with no + 2[31 + 
(m - 1)k + l] < N < n* such that zN = max{zn : no + 2[31+ (m - 1)k + l] 5 n 5 n*} and 
z,<zNforno+2[31+( m - l)k + l] 5 n < N. There are now two possibilities: 
&I > 0, N - [31+ (m - 1)k + l] 5 n 5 N, 
or there exists an integer L" with 0 5 L* 5 [31+ (m - l)k] such that 
ZN-La-1 5 0 and ZN-L’ > 0. 
In the former case, we have 
-&I < Pi lx,* I , N - [31+ (m - i)k + l] 5 n 5 N, i = 1,2, . . . , m, (2.22) 
and 
--zn-1 = -&z-l - pn--1x,+-l-k 2 --z,_l + pm IX,* I, N-21-l<n<N. 
Set 
yn=zn-PlGa*I, n 2 no. (2.23) 
Then, it follows from (1.1) and (2.23) that 
AYE = AZ, = -qnxn-1 I -m/n-l, N-21-l<n<N. (2.24) 
Note that 0 < p 5 1 - 3pm/2, it is easy to see that YN > 2,. -pmlx,*j > (1 -p -pm)lx,.I 1 0. 
On the other hand, from the fact that AzN_~ = ZN - zN-1 > 0 and (2.24), we conclude that 
YN_l__1 < 0. Hence, there exists an integer 1* with 0 5 1* 5 1 such that 
!/N-l*-1 < 0 and !/N-l* 2 0. 
Let t E [0, 1) such that 
YN-1’ -‘t (!/N-l' - i/N-P-1) = YN-P-1 + (1 - <) (yN_1’ - Y~_~*_~) = 0. (2.25) 
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By (2.24), we have 
AYE I qnprn IQ I , N-21-l<nLN. 
From (2.25) and (2.26), we obtain 
(2.26) 
N-1*-2 
-yn-l = c AYE + (1 - WYN-~-1 
j=,-I 
N-l*-1 
I pm IIc?x* I c 4j - &m-l’-1 N-l*-l<_n<N-1. 
j=n-1 
Substituting this into (2.24), we have 
N-l*-1 
Ayn I pm 1~ I qn c qj - (PN-1*-l 7 
) 
N-l*-l<n<N-1. (2.27) 
j=n-l 
There are two possible subcases. 
SUBCAsE 1. ~~~~_,* qj +(&v-+-l I 1 - p. In this case,,by (2.21) and (2.27), we have 
N-l*-1 
c qj -<qN-1*-l 
j=N-1*-l-l 
)’ 
+tqN-b-1 
( 
N-l 
A- C qj -EqN-1*-l 
j=N-1’ )I 
2 
N-l 
5 P” IGPI A 
[( 
c qj+cqN-1*-l 
j=N-1’ ) ( 
-6 ,y qj + cT?N-1*-l 
j=N-1’ 11 
2 (1 - p)2pm I&‘I I (1 -P -P”) IGL* I . 
SUBCASE 2. ~~~~__,. qj + &N-l*_1 > 1 -p. In this case, there exists an integer m* with 
0 <_ m* 5 1* and an 77 E [0, 1) such that 
N-l 
c 4j + VqN--m*-1 = 1 -p. 
j=N-m* 
Consequently, from (2.21), (2.26), and (2.27) we conclude that 
N-m*-2 N-l 
YN = EAYN--l--l + C Ay, + (I- 77) AYN-VIL*-I + q&~-~--l + c Ayn 
n=N-1’ n=N-m’ 
[ 
N-m’-2 
5 pm I%* 1 kN-P-1 + c qj + (1 - q) qN-m--l 
j=N-1’ 
N-P-1 
+qqN-,* - 1 c qj-tqN-l*-l) +n:gm_% (:g:qj-<*N-1*-1)] 
j=N-m*-l-l 
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[( N-l N-m’-1 = pm b* 1 c % + TqN-me-1 + p c qj - VqN-m*-1 n=N-m’ j=N-l* ) 
N-l*-1 N-l N-l’-1 
+qqN-w-1 c 4j + C 492 C 4j 
j=N-m*-l-l n=N-m’ j=n-1 I 
N-l 
+qqN-d-1 A - C qj -rlQN- 
j=N-m* 
me-l) +P(A-ltl)] 
N-l 
<PmIXc,*l A C qj+q’JN-m’-1 +P(A-l+P) 
[( j=N-m* ) 
1+2 
N-l 
-- 
2(1 + 1) j=N_,’ qj + 77qN-m*-1 c 
Subcases 1 and 2 show that 
YN 5 (1 -P-pm)I&*t, 
which contradicts to the fact that yN 2 yn* > (1 - p - pm)lx,= I. 
In the latter case, we may choose 5’ E (0, l] such that 
(2.28) 
YN-L’ - t*(YN-L’ - ?/N-L*-1) = YN-P-1 + (1 - t*)(yN-L* - yN_L._l) = 0. 
From (1.1) and (2.4), we have 
(2.29) 
A-G, I qn ,xn* I, no+lInIN-1, (2.30) 
AZ, I qnP 1~ I , N-L*+l<n<N-1, (2.31) 
and 
N-L’-1 
AG 5 IXCn*I %a + C 4j -E*qN-L*-1 N - L* - 1 5 n 5 N - L* + 1 - 1. (2.32) 
j=n-1 
There are also two possible subcases. 
SUBCASE 1. C~!~~~?’ 4j +<*q~-o-1 < 1 -p. In this case, by (2.21), (2.31), and (2.32), we 
have 
N-l N-T,-+!-1 
ZN = -xv Az,x + _- 2. -AZ, +J*A.zN-L.-~ 
n=N-L’+l n=N-L’ 
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N-l N-15*+1-1 N-L*-1 
c % + c ‘?n P+ ,=F_, qj - c*qN-L*-1 
n=N-L’+1 n=N-L’ ( 
N-L’-1 
+t*qN-L*-1 c qj - E*qN-L*-1 
j=N-L*-l-l )I 
qj + ‘$*qN-L*-1 
) 1 +PA 
SUBCASE 2. C~~-,~~k-’ qj + <*qN-L*-l > 1 - p. In this case, there exists an integer M* with 
L* - 1 5 M* 5 L* and an q* E (0, l] such that 
N-L’+1-1 
c qj + q*pN-M*-1 = 1 -p. 
j=N-M’ 
Consequently, from (2.21), (2.30), (2.31), and (2.32) we conclude that 
N-M=-2 N-l 
ZN = E*AzN-L*-~ + c AZ, + (1 - q*) Az,v-M*-~ + ~~*AzN_M*_~ + C AZ, 
n=N-L’ n=N-M- 
[ 
N-M’-2 
5 Izn*I [*qN-L’-1 f c qj + (1 -q*)qN_M*-1 
j=N-L’ 
N-L’-1 
c qj - t*qN-L*-1 
j=N-M*-l-1 
+ “,Ig;_in (P+L$;‘, -t*4’N-P-1) + n_~e+lCh] 
[( N-L*+&1 = l%*I c qn + fqN-MO-1 + P n=N-M* ) (~~~~‘qj - q*qN-M-I) l 
N-L’-1 
+ f?*!?N-AC-1 c qj +P 
j=N-Me-l-1 ( 
N-l 
c qj + v*qN-M*-1 + t*qN-L*--1 
j=N-M* 
n-N-M’ 
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N-M’-1 
+V*C?N-M*-1 c qj - v*qN-M*-1 
j=N-MS-l-1 
N-L’+I-1 N-L’+l-1 
2 
c qj + 7]*QN-M*-1 - - c qj + q*qN-M*-1 
) 1 +PA j=N-I,* j=N-L* 
= (1 -P>h*l. 
Subcases 1 and 2 show that 
*N < (I-P)kn*(, (2.33) 
which contradicts to the fact that ZN 1 z,* > (1 - p) IX,* I. The proof is complete. 
Similar to Theorems 2.2 and 2.3 and applying the theorem on asymptotic behavior of nonoscil- 
latory solutions in (81, we can show the following asymptotic behavior theorem. 
THEOREM 2.4. Assume that 0 5 p n 5 p and there exists a positive integer m such that p + 
3pm/2 5 1. If (1.3) and (1.9) hold, then every solution of equation (1.1) tends to zero as n -+ 00. 
3. pn IS CONSTANT 
THEOREM 3.1. Assume that p, E p 2 0 and that there exists a positive integer m such that 
4~“’ 5 1 and for large n 
2 [T+2(Z+(m!l)k+l)] S$' qj I 
j=n-l-(m-1)k 
(3.1) 
Then every solution of equation (1.1) is bounded. 
PROOF. If p = 0, Theorem 3.1 has been proved in [l]. In the sequel, we assume that 0 < 4pm 5 1. 
Choose an integer no > k + 1 such that 
j=n-l-(m-1)k 
1 1 1-P 2(1+(m-l)k+l) 1-p” n 2 no. (3.2) 
Assume, for the sake of contradiction, that (5,) is unbounded. Then there exists a positive 
integer {n*} with n* > no + k + 2[Z + (m - l)k] such that lzc,. I > Iz~~+~[~+(~.._~)~I l/2(1 - p) and 
Jz,. 1 > ma.x{)z,l : 0 < n 5 n* - 1). Set z, as in (2.4). Then 
(z,*( = IX,* - Pn*%*-kl > (1 -P) lGa*l > f (~n,+2[1+(m-l)kj(~ 
We may assume that z,* > 0. Then, there exists an integer N with no +2[Z + (m - l)k] < N < n* 
such that zN = max{z, : no + 2[1+ (m - l)k] I n I n*} and z, < ZN for no + 2[1+ (m - l)k] 5 
n < N. Set 
1-P 
%L=+- l_p” -Prnl%* I, n 2 no. (3.3) 
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Then 
m-l m-l 
-s&-1 = - 
c 
piZn&ik - $%,&mk < - c &%-l-ik + pm bz.1 
i=o i=o 
m-l 
= - 1 PiYn-l-ik, N-I-(m-l)k-1InIN. 
i=O 
It follows from (1.1) and (3.3) that 
Ay, = AZ, = -qnxn-lr n 2 720, (3.4) 
and 
m-l 
&..I,, = AZ, i -tin c piyn+ikr N-l-(m-l)k-l<n<N. (3.5) 
i=o 
Note that 0 < 4pm I 1, it is easy to see that yN 1 z,* - (((1 -p)pm)/(l -pm))IxCn+I > 
((1 - 2pm)/(l - pm))(l -p)Ixn* I 2 0. On the other hand, from the fact that AYN-i = AZN-i = 
zN - zN_1 > 0 and (3.5), we conclude that yN_l_& < 0 for some i E (0, 1, . . . , m}. Hence, there 
exists an integer I* with 0 5 l* 5 1 + (m - 1)k such that 
!/N-l*-1 < 0 and yN-1’ 2 0. 
Let < E [0, 1) such that 
YN-l’ - ‘%N-1’ - !/N-P-l) = !/N--l*-1 + (1 - ‘$)(f,N-l* - YN_~._~) = 0. (3.6) 
From (3.4), we have 
AYE I qn IGV I , no 5 n 5 N. (3.7) 
If n - 1 - ik 5 N - l* - 1 for N - 1 - (m - l)k - 1 5 n 5 N, then from (3.6) and (3.7), 
N-l*-1 
-Yn-l-ik 5 I%* 1 c N-I*-l<nlN-1. 
j=n-l-(m-1)k 
If N - 1* 5 n - 1 - ik 5 N for N - 1 - (m - l)k - 1 5 n 5 N, then 
( 
N-l’-1 
-yn-l-ik < 0 I \%I*( c N-l*-l<n<N-1. 
j=n-I-(m-1)k 
Substituting these into (X5), we have 
N-l*-l<n<N-1. (3.8) 
j=n-I-(m-1)k 
There are two possible cases. 
CASE 1. ((1 -pm)/(l -p))(cyc;_l. qj +<qN-l*-l) 5 1. In this case, by (3.2) and (3.8), we 
have 
N-P-1 
c qj - &N-l*-1 
j=n-l-(m-1)k 
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( 
N-l’-1 
+hN-P-1 )I ~~,~~*,~~~~~~~~~~~~j~~*~~ 
( N-l +&N-l*-1 A - c qj -EPN-I*-1 j=N-l* 11 
I $J$ )2,*( A 
[! 
N2 Qj +tqN-I*-1 
j=N-l* ) 
N-l 
2 
c qj + hN-P-1 j=N_l’ )I 
CASE 2. ((1 - P)/(l -~))(xf&?_p qj + &v-p-l) > 1. In this case, there exists an integer 
m* with 0 5 m* 5 I* and an 77 E [O, 1) such that 
Consequently, from (3.2), (3.7), and (3.8) we conclude that 
N-m’-2 N-l 
YN = UYN-P-I + c AY, + (I- 71) AYN-me-1 + QAYN-me-1 + c Ay,, 
n=N-1’ n=N-m’ 
N-m’-2 
c qj f (1 - r])qN-m*-1 
N-l’-1 N-l N-l*-1 
+qPN-m*-I c 4j + C Qn C !Ij 
j=N-m*-Z-(m-l)k-1 n=N-m* j=n-l-(m-l)k 1 
qj - VqN-m*-1 
qj - VqN-m*-1 
j=N-m*-l-(m-l)k-1 
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= $$$l - p) Ix,.) . 
Combining Case 1 and Case 2, we have concluded that 
which contradicts to the fact that yN 1 yn* > ((1 - 2pm)/(l - pm))(l - p)IxCn*I. And therefore, 
the proof is complete. 
Similar to Theorem 2.2 and Theorem 3.1 and applying the theorem on asymptotic behavior of 
nonoscillatory solutions in [8], we can show the following asymptotic behavior theorem. 
THEOREM 3.2. Assume that p, z p 2 0 and there a positive integer m such that 4pm 5 1. 
If (1.3) and (1.10) hold, then every solution of equation (1.1) tends to zero as n ---f co. 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
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